Based on Lie group method, potential symmetry and invariant solutions for generalized quasilinear hyperbolic equations are studied. To obtain the invariant solutions in explicit form, we focus on the physically interesting situations which admit potential symmetries. Then by using the partial Lagrangian approach, we find conservation laws for this equation in three physically interesting cases.
Introduction
Lie groups involving potential symmetries is exposed in view of applications to physics. Also, the concept of a conservation law and the relationship between symmetries and conservation laws, which are mathematical formulations of the familiar physical laws of conservation of energy, conservation of momentum and so on, plays an important role in the analysis of basic properties of the solutions, [1, 2, 3, 4, 5] .
In 1988, Bluman et al. [6] suggested a method for obtaining a new class of symmetries for a partial differential equation R, which is written in a conservative form. They analyzed the Lie symmetries of the system S that is obtained by introducing a potential as a further unknown function. In this approach, we obtain classes of symmetries by computing Lie groups of point transformations, whose infinitesimals act on a different space than the space of independent, dependent variables, and their derivatives of the system S. These symmetries are neither point symmetries nor Lie-Bäcklund symmetries. The existence of potential symmetries leads to the construction of corresponding invariant solutions. Any group of Lie transformations for the system S induces a potential symmetry for R, when at least one of the generators depends explicitly on the potential. The potential symmetries are useful in looking for the solutions using a reduction method, [2, 7, 8] .
A systematic way for the determination of conservation laws associated with variational symmetries for systems of Euler-Lagrange equations is indeed the famous Noether theorem, [9, 10] . This theorem requires a Lagrangian. There are approaches that do not require a Lagrangian or even assume the existence of a Lagrangian for differential equations, [11, 12] . A new idea is presented by Kara and Mahomed in [13] on how one can construct conservation laws of differential equations via operators that are not necessarily symmetry generators of the underlying system. These partial Noether operators which are associated with what are called partial Lagrangians, aid via an explicit formula in the construction of conservation laws of the underlying system which need not be derivable from a variational principle. These systems are called partial Euler-Lagrange equations with respect to partial Lagrangians. This method provides a systematic manner of obtaining conservation laws for systems which have partial Lagrangian formulations, [14, 15] .
The main purpose of the present paper is to find potential symmetries and conservation laws of the generalized quasilinear hyperbolic equations by using the nonlocal conservation theorem method and the partial Lagrangian approach. In addition, invariant solution is obtained by utilizing the relationship between conservation laws and Lie-point symmetries of the equation
where f ∈ C 1 (R) and g, h ∈ C 1 (R 2 ) are arbitrary nonzero smooth functions. In case of f (x) = 1 and g x = h x = 0 the equation (1) is changed to nonlinear telegraph equation for which, the point symmetries and nonlocal potential symmetries are obtained by George W. Bluman et al. in [16] . The organization of this paper is as follows:
In Section 2, we present fundamental definitions and theorems about potential symmetry and nonlocal conservation laws. In Section 3, we discuss the potential symmetries of the generalized quasilinear hyperbolic equation (1) and we calculate these symmetries for three interesting cases. In section 4, We obtain the invariant solutions associated to the potential symmetries discussed in the previous section. Section 5 is devoted to the study of the conservation laws of the equation (1) . Concluding remarks are given in the final Section.
Preliminaries
Consider the R{x, t; u} is a partial differential equation (PDE) of n independent variables x = (x 1 , . . . , x n ) with components x i and one dependent variable u with components u α by
where u (1) , . . . , u (r) are the collections of all first, second, . . . , kth order partial derivatives, i.e., u
. . respectively, with the total derivative operator with respect to x i given by
Let A be the space of differential functions. The Lie-Bäcklund or generalized operator is
where ζ α i1...is are defined by
The Noether operators associated with a Lie-Bäcklund operator X are
in which W α is the Lie characteristic function by definition
and the Euler-Lagrange operator
The n-tuple vector
is a conserved vector of (2) 
This equation defines a local conservation law of system (2). George W. Bluman et al. [6] have introduced the concept of potential symmetry for any differential equation which can be written as a conservative form
where D x and D t are the total derivative operators. Introducing an auxiliary potential variable v = v(x, t), it is possible to form the potential system, S = 0,
The potential system S{x, t; u, v} (11) has essentially the same solution set as that of the PDE R{x, t; u} (10), [8] .
Theorem 2.1 equation (10) admits symmetry potentials only if equation (11) assumes one of the v x = H(x, t, u)u t + K 1 (x, t, u)u x + K 2 (x, t, u) forms where H = 0; otherwise v x = K(x, t, u, u x ) and in this case τ = τ (t).
Let the system (2) is written in the form
If there exists a function L = L(x, u, u (1) , . . . , u (r) ) ∈ A, l ≤ k and nonzero functions f β α ∈ A such that (12) can be written as
provided E 1 β = 0 for some β, L is called a partial Lagrangian of (12) otherwise it is the standard Lagrangian. We term differential equations of the form (13) partial Euler-Lagrange equations.
A Lie-Bäcklund or generalized operator X of the form (4) is called a partial Noether operator corresponding to a partial Lagrangian L ∈ A if and only if there exists a vector
where 
of the partial Euler-Lagrange equations (13).
Potential symmetries
In order to find the potential symmetries of equation (1), we set it in the following conservative form:
By considering a potential v(x, t) as an auxiliary unknown function, the following system can be associated with (16)
The system, which characterizes the generators is obtained from
which must hold identically. Here, X (1) is the operator
where
Therefore the (18) becomes
On substituting v x by f (x)u t , and v t by g(x, u)u x + h(x, u) in equations (20) and (21), we get the determining equations
In solving the above system of equations (21)- (27), we confine our attention to the relevant physical forms of f (x), g(x, u) and arbitrary smooth function h(x, u). The point symmetry group for (17) is completely determined by the generators ξ, τ , ϕ and η. Those point symmetries which satisfy ξ (17) into another solution of (17), thus induces a mapping of a solution of (1) into another solution of (1).
In the following, we will mention some cases which admits potential symmetries.
3.1 f (x) = a, g(x, u) = u and h(x, u) = exp(x) where a is constant.
In this case, the infinitesimal symmetries are given by the following:
Then, we obtain point symmetries with the following generators:
Clearly, X 4 is a potential symmetry for (1), since we have:
In this case, the infinitesimal symmetries are
Therefore, we have point symmetries with the following generators
It is clear that X 4 and X 6 are only potential symmetries for (1). Since we have ξ
3.3 f (x) = a, g(x, u) = u and h(x, u) = u, where a is an arbitrary constant.
In this case, we have the infinitesimal symmetries
with following generators
Obviously, X 1 is the only potential symmetry for (1). Since, we have:
Given a point symmetry for (17), the invariant surface conditions are:
The solutions of the associated characteristic system are defined as one-parameter families of characteristic curves [7] .
For case of 3.1
For the potential symmetry X 4 from the invariant surface condition we infer that:
For case of 3.2
For the potential symmetry X 4 , from the invariant surface condition we infer that:
Taking into account the invariant surface condition of potential symmetry X 6 we obtain only trivial solution.
For case of 3.3
For the potential symmetry X 1 the invariant surface condition is as follows:
one of the solutions of the above system is
by substituting u = F (x) in equation (1) we obtain the following reduced ODE:
Conservation laws
Here, we further investigate conservation laws of the equation (1), in three possible cases for f (x), g(x, u) and h(x, u) which were considered in Section 4. The equation (1) has the partial Lagrangian form L = x + h x + h u u x for which the partial Noether operators X := τ ∂ t + ξ∂ x + ϕ∂ u satisfy in (14), therefore we have
By solving (28), the partial Noether operator obtained is X = α(t, x) ∂ ∂u with gauge terms
where α(t, x) and β(t, x) are arbitrary smooth functions with respect to t, x. By using (15) the conserved vector T = (T 1 , T 2 ) is obtained with the following conserved components
Now, we obtain the conserved vector T = (T 1 , T 2 ) in three subsections 3.1, 3.2 and 3.3 of the previous section. The results are presented as follows:
For case of 3.1
If f (x) = a, g(x, u) = u and h(x, u) = exp(x) where a is constant, so T = − aα t (t, x)u + α(x, t)u t + β(t, x), α x (t, x) u 
For case of 3.2
If f (x) = x, g(x, u) = xu and h(x, u) = u 2 , then T = − xα t (t, x)u + α(x, t)u t + β(t, x), α x (t, x) xu 2 2 − α(x, t)(u 2 + xuu x ) + γ(t, x) . (33)
For case of 3.3
If f (x) = a, g(x, u) = u and h(x, u) = u, where a is an arbitrary constant, we have T = − aα t (t, x)u + α(x, t)u t + β(t, x), α x (t, x) u 2 2 − α(x, t)(u + uu x ) + γ(t, x) .
Conclusion
In this paper, we have given a complete analysis on finding potential symmetries for the generalized quasilinear hyperbolic equations. The infinitesimals, similarity variables, dependent variables, and reduction to quadrature or exact solutions of the mentioned generalized quasilinear hyperbolic equations for physically realizable forms of f (x), g(x, u) and h(x, u) are also obtained. Further conservation laws are constructed for this equation in three different cases. It will be interesting to study potential, nonclassical potential and nonclassical symmetries of generalized quasilinear hyperbolic equations to search for new exact solutions.
